Let k/F p denote a finite field. For any split connected reductive group G/W (k) and certain CM number fields F , we deform certain Galois representations ρ : Gal(F /F ) → G(k) to continuous families X ρ of Galois representations Γ F → G(Q p ) lifting ρ such that the space of points of X ρ which are geometric (in the sense of the Fontaine-Mazur conjecture) with parallel Hodge-Tate weights has positive codimension in X ρ . Thus the set of points in X ρ which could (conjecturally) be associated to automorphic forms is sparse. This generalizes a result of Calegari and Mazur for F/Q quadratic imaginary and G = GL 2 . The sparsity of automorphic points for F a CM field contrasts with the situation when F is a totally real field, where automorphic points are often provably dense.
1. Introduction 1.1. Modular Galois representations. Let Γ Q denote the absolute Galois group of the rational numbers, and k a finite field of characteristic p. Let c ∈ Γ Q denote a choice of complex conjugation. Serre's modularity conjecture [Ser87] , now a theorem of Khare and Wintenberger proved in [KW09a] and [KW09b] , states that an absolutely irreducible continuous representation ρ : Γ Q → GL 2 (k) has characteristic 0 lifts which arise from modular forms, provided that det ρ(c) = −1. We say that a ρ satisfying det ρ(c) = −1 is odd.
In fact, if ρ as above is odd, then many characteristic 0 lifts of ρ are modular. For example, [GM98] and [B01] prove that modular points are dense in the rigid generic fiber of the universal deformation ring.
The situation is quite different if we replace Q with an imaginary quadratic extension F/Q, where "oddness" doesn't even make sense. On the automorphic side, there are fewer cohomological cuspidal automorphic forms. One example of this is the vanishing of cuspidal cohomology in non-parallel weight (see e.g. [Har87] , or more generally [BW00] ). For another example, compare the results of [CE09, Thm. 1.1] with the dimension growth of classical spaces of cusp forms as the level increases For an example on the Galois side, see Theorem 1.4 of [Cal11] . As another example (more relevant to this paper), [CM09, §7] produces families of characteristic 0 deformations of representations ρ : Γ F → GL 2 (k) where the Hodge-Tate weights are allowed to vary, and for which very few points have parallel Hodge-Tate weights. The object of this paper is to conduct a similar study as [CM09, §7] for representations into more general reductive groups G, and for more general CM number fields F .
Remark 1.1. The results of [BLGGT14] , etc. produce geometric (potentially automorphic) lifts over CM fields, and in fact [All19] even proves some density results for automorphic points in universal polarized deformation rings. However, recall that giving a polarized representation over F a CM field is equivalent to giving an odd representation over the maximal totally real subfield of F + , valued in the group G n defined by Clozel, Harris, and Taylor in [CHT08] .
1.2. Oddness in general. For producing automorphic (or geometric) lifts in characteristic zero, the "oddness" hypothesis appears to be essential. 1 Oddness takes the following form for higher rank groups.
Suppose that G is a split connected reductive W (k)-group scheme, T is a split maximal torus, B is a fixed Borel containing T , and N is the unipotent radical of B. Corresponding Lie algebras are denoted by corresponding lower case Fraktur letters. Let G der denote the derived group, g 0 the Lie algebra of G der , and h 0 = h ∩ g 0 for any Lie subalgebra h of g. Suppose F is a number field, and we have a continuous homomorphism ρ : Γ F → G(k).
As explained in the introduction of [CHT08] (also see §4.5 of [Pat16] ), the classical Taylor-Wiles method requires
Here, h 0 means the dimension of the corresponding H 0 , and the set of k-points of g 0 is given a Γ F -module structure via ρ and the adjoint representation. If v | ∞ is a complex place, then h 0 (Γ Fv , g 0 ) = dim g 0 = 2 dim n + dim t 0 . If v | ∞ is a real place, then h 0 (Γ Fv , g 0 ) ≥ dim n. So we have v|∞ h 0 (Γ Fv , g 0 ) ≥ [F : Q] dim n + C dim t 0 , where C is the number of complex places of F . We see that equality can only be achieved if
(1) C = 0, i.e. F is totally real, and
(2) for each v | ∞, h 0 (Γ Fv , g 0 ) = dim n, i.e. (g 0 ) cv = dim n. In this case, we say that ρ(c v ) is an odd involution, and that ρ is odd. Notice that when G = GL 2 , this is equivalent to requiring det ρ(c v ) = −1.
1.3. Non-odd cases. In this paper we will focus our attention on Galois representations over CM fields, but there are certainly other ways to get non-odd Galois representations, which are worth mentioning. For example, ρ : Γ Q → GL 2 (k) could be even, in the sense that det ρ(c)) = 1. Theorem 1.4 of [Cal12] shows that such a ρ can have no geometric (and thus no modular) characteristic zero deformations.
Another interesting example can be found in [FKP19a] , where ρ : Γ Q → SO 2n (k). Then ρ can never be odd, but if ρ is "as odd as possible" in the sense that so Ad ρ(c) 2n
is as small as possible, then ρ ⊕ 1 : Γ Q → SO 2n+1 (k) can be odd. In theory, one could then imagine constructing a deformation space X ρ for ρ which is a subvariety of a deformation space X ρ⊕1 for ρ ⊕ 1, such that the automorphic points of X ρ are sparse, but the automorphic points of X ρ⊕1 are dense.
1.4. The method of Ramakrishna. In the case F = Q and G = GL 2 , the numerology has been exploited by the methods of Ramakrishna in [Ram99] and [Ram02] to produce characteristic 0 lifts of ρ which are not necessarily automorphic, but which are geometric, in the sense of the Fontaine-Mazur conjecture (i.e. unramified at all but finitely many places, and de Rham at places dividing p). An "axiomatized" version of Ramakrishna's method can be found in [Tay03] , and this axiomatized version was extended in [Pat16] and [Pat17a] to produce geometric lifts for any totally real field F and reductive group G. Even more recently, the forthcoming paper [FKP19b] has vastly improved Ramakrishna's method in the odd case, where essentially the only hypotheses are oddness, irreducibility, and the existence of local lifts.
In the odd case, the more classical Ramakrishna method produces a space of geometric deformations which is represented by a universal deformation ring which is equal to a power series ring over O = W (k) (the Witt vectors of k) in a number of variables equal to
which comes out to be 0. In particular, the universal deformation is a geometric lift of ρ.
1.5. Numerology for CM fields. Suppose that F is a CM field (by which I will mean nonreal CM field). Then we have v|∞ h 0 (Γ Fv , g 0 ) = [F : Q] dim n + [F : Q] 2 dim t 0 .
The numerology breaks down, since we now heuristically expect a universal deformation ring which is a power series ring over O in
By relinquishing some control over the Hodge-Tate weights, we will show that we can salvage the method to produce a universal deformation ring R which is a power series ring over O in
variables. Then, one can investigate which Q p -points of the universal deformation ring R could be geometric, automorphic, etc. Due to the vanishing of cuspidal cohomology in non-parallel weights (which will be explained more in Section 6), automorphic points are expected to have parallel Hodge-Tate weights (which will be defined in Section 7), and to be geometric in the sense of the Fontaine-Mazur conjecture (see [FM95] ). It will be shown that the universal deformation space can be constructed such that the set of Q p -points which correspond to geometric representations with parallel weights lives in a subvariety of positive codimension (at least in the rigid analytic topology), thus R has (conjecturally) a sparsity of automorphic points. For examples of conjectures relating Galois representations to automorphic forms, see [BG14] . A sample version of our main theorem is:
Theorem 1.2. Let p be a prime number, k a finite field of characteristic p, G/W (k) a split connected reductive group, F a Galois CM number field satisfying [F (µ p ) : F ] = p − 1 with maximal totally real subextension F + for which every prime v | p of F + splits in F , and Σ a finite set of primes of F containing the primes above p. Assume that p ≫ 0 with respect to G. Assume ρ : Γ F,Σ → G(k) is a continuous representation, satisfying the following conditions.
(1) ρ(Γ F,Σ ) ⊇ G der (k).
(2) For all places v ∈ Σ not dividing p · ∞, ρ| Γ Fv satisfies a liftable local deformation condition P v with tangent space of dimension h 0 (Γ Fv , g 0 ).
(3) For all places v | p, ρ| Γ Fv is nearly ordinary and non-split (see Definition 7.3), such that α • ρ is not trivial or isomorphic to the cyclotomic character for each simple root α of G.
Then, letting r = [F :Q] 2 dim t 0 , there exists a continuous representation ρ : Γ F → G(W (k) X 1 , . . . , X r ) lifting ρ, and such that ρ is almost everywhere unramified, and nearly ordinary at all v | p. Further, the set of Q p -points of ρ which are geometric and have parallel Hodge-Tate weights has positive codimension in D r , the rigid open unit n-ball. See Theorem 8.5 for slight improvements and for the proof. This generalizes the results of §7 of [CM09] , which provides a similar result for F a quadratic imaginary extension of Q and G = GL 2 . The claim of Theorem 7.1 in [CM09] is that finitely many specializations of ρ have parallel weight, but as explained by David Loeffler in [Loe11] , [CM09] doesn't actually prove this. Finiteness would follow if ρ's parallel weight specializations lived in positive codimension in the Zariski topology. However, the result does hold in the rigid analytic topology, and our proof that the geometric parallel weight specializations live in a positive codimension subvariety will also only be valid in the rigid analytic topology. We will mention some modifications to the allowable points which do give results in the Zariski topology. • The subset of D r whose points correspond to motivic Galois representations has positive codimension.
• If G = GL n , then the subset of D r whose points correspond to Galois representations which are known to be associated to automorphic forms has positive codimension.
Section 9 provides examples where the hypotheses of Theorem 1.2 are satisfied. The following is proven as Corollary 9.2.
Theorem 1.4. For any split connected reductive group G/W (k) for which k is a finite field of charicteristic p ≫ 0, there exists a Galois CM field F , a set of primes Σ, and a Galois representation ρ : Γ F,Σ → G(k) satisfying the conditions of Theorem 1.2.
1.6. Organization. Section 2 will set up notation used throughout the remainder of the paper. Section 3 briefly reviews the necessary theory of Galois deformations, largely following § §3-4 of [Pat16] . We will also introduce the "nearly ordinary" local condition that allows us to adjust the numerology above. Section 4 describes the necessary alterations to the Ramakrishna method for constructing a universal deformation ring of the desired size. In Section 5 we prove the main result of Section 7 in [CM09] , addressing some subtleties that do not appear to be addressed there. Section 6 will briefly review the motivic and automorphic picture, to motivate the necessity of "parallel Hodge-Tate weights." Section 7 will generalize the arguments of Section 5 to more general fields F and groups G to reduce the proof of Theorem 1.2 to a calculation in Galois cohomology. Section 8 will then provide the necessary Galois cohomology computations to complete the proof of Theorem 1.2. Finally, in Section we prove Theorem 1.4. 1.7. Acknowledgements. I am deeply grateful for the encouragement and support of Stefan Patrikis, and the many helpful conversations we had with regards to this paper. I also thank Frank Calegari and Shiang Tang for their feedback and suggestions. Finally, I thank my wife Tessa and my children Peter and Amelia for their love, patience, support, and excitement.
Basic notation
Most of the notation will match that of [Pat16] . One notable exception is that this paper will swap the roles of p and ℓ, which better matches [CM09] .
Throughout, p is a fixed odd prime number and k a fixed finite field of characteristic p. Denote the ring of Witt vectors of k by O, and the field of fractions of O by E.
Let G be a split connected reductive O-group scheme. We will denote the Lie algebra of G by g, and similarly denote Lie algebras of other algebraic groups by using the lower case Fraktur form of the letter. We write G der for the derived group of G, g 0 = [g, g], and h 0 = h ∩ g 0 for any Lie subalgebra h of g.
We will assume that p is a "very good prime" for G. For a full definition of this concept see §1.14 of [Car93] . The relevant consequences are summarized in §3 of [Pat16] . Most importantly, g = z(g) ⊕ g 0 , where z(g) is the center of g, g 0 is an irreducible representation, and there is a non-degenerate G-invariant form g 0 × g 0 → k, which allows us to fix an identification of g 0 with its linear dual.
F will usually denote a number field unless otherwise noted. In any case, Γ F = Gal(F /F ) for some fixed algebraic closure F of F . When F is a number field and Σ is any set of places of Σ, F Σ denotes the maximal extension of F inside F which is unramified outside of Σ, and Γ F,Σ = Gal(F Σ /F ). We also fix for each place v of F embeddings F → F v , and thus embeddings Γ Fv → Γ F .
All representations will be assumed continuous. For a residual representation ρ : Γ F → G(k), When we write g (or any subalgebra) as a Γ F -modlue, we mean the k-points of g, with Γ F -action given by the composition of ρ and the adjoint representation.
Let κ denote the p-adic cyclotomic character ( we normalize Hodge-Tate weights so that all weights of κ are +1). We write h i (·) to denote the dimensions of cohomology groups H i (·).
Deformation theory
3.1. Introduction. Following [Pat16] , we recall some facts about deformation theory for a Galois representation valued in a general reductive group, then explain the local conditions used in this paper. Whenever more details or references are desired, see § §3-4 of [Pat16] .
Lifts and deformations.
Suppose for now that Π is a profinite group satisfying Mazur's p-finiteness condition (see [Maz89] ), and r : Π → G(k). Let C O denote the category whose objects are complete local Noetherian O-algebras with residue field k, and whose morphisms are local O-algebra maps. The functor
lifting r} is representable by a ring which we write R r . We say that r, r ′ ∈ Lift r (R) are strictly equivalent if they are conjugate by an element of the kernel of the reduction map G(R) := ker(G(R) → G(k)).
Note that G is represented by a smooth group scheme over O. Define a functor 3.3. Deformation conditions. A deformation condition is a representable subfunctor of Lift r that is closed under strict equivalence. The representing ring is always a quotient of R r by an ideal invariant under G(R r ). If Lift P r is a deformation condition, define Def P r :
r is not necessarily representable, but will be in the case that g r(Π) = z(g). When Def P r is representable, write R P r for the representing ring. 
For a deformation condition Lift P r of Lift r , we can identify subspaces L ,P ⊂ Z 1 (Π, g) and
) ∼ = L P , and fitting into an exact sequence 0 → H 0 (Π, g) → g → L ,P → L P → 0.
Liftable deformation problems. A surjection
r is liftable if for any small surjection R → R/I, Lift P r (R) → Lift P r (R/I) is also surjective. This condition is equivalent to R ,P r being isomorphic to a power series ring in dim k L ,P variables.
3.6. Local deformation conditions. Suppose that Σ is some set, and for each v ∈ Σ, Π v is a pro-finite group also satisfying Mazur's p-finiteness condition, together with a map ι v : Π v → Π. For each v ∈ Σ, also fix a deformation condition Lift Pv rv for the representation r v = r • ι v . Then we can form a deformation condition for r, which we write Lift P r consisting of lifts r ∈ Lift r (R) such that
where L v = L Pv are the local tangent spaces. One can also (as in §2.2 of [CHT08] or §3.2 of [Pat16] ) define a group H 2 P (Π, g) measuring obstructions to liftability, as made precise in the following proposition. For details, see §3.2 of [Pat16] .
Proposition 3.2. Assume that g r(Π) = z(g), and let Lift Pv rv be a collection of liftable local deformation conditions. Then the functor Def P r is representable by a universal deformation ring R P r which is isomorphic to a power series ring over O in h 1 P (Π, g) variables, modulo an ideal generated by at most h 2 P (Π, g) elements. Remark 3.3. Requiring a fixed similitude character ν : Π → S(O) amounts to replacing g with g 0 in the group cohomology. See Remark 3.8 in [Pat16] .
3.7. Deformations of Galois representations. We will now take r = ρ : Γ F → G(k). In particular, we can take Π = Γ F,Σ for some finite set of primes Σ of F (including all primes at which r is ramified, as well as primes above p and ∞), and Π v = Γ Fv for each v ∈ Σ. All of these pro-finite groups satisfy the p-finiteness condition, see [Maz89] . We make the following assumptions:
(1) All lifts of ρ have fixed similitude character ν : Γ F,Σ → S(O).
(2) For each v ∈ Σ, Lift Pv ρ v is a fixed liftable local deformation condition, P = {P v } v∈Σ , and Lift P ρ is the associated global deformation condition. (3) g ρ(Γ F,Σ ) = z(g), so that Proposition 3.2 applies.
, and write L ⊥ v ⊂ H 1 (Γ Fv , g 0 (1)) for the orthogonal compliment of L v under the local duality pairing, where here we use our fixed identification (g 0 ) * ∼ = g 0 . Then just as we formed the Selmer group H 1 P (Γ F,Σ , g 0 ), we can form the corresponding dual Selmer group
The group H 1 P ⊥ (Γ F,Σ , g 0 (1)) has the same k-dimension as H 2 P (Γ F,Σ , g 0 ) (see §3.3 of [Pat16] ). Wiles's formula gives the following.
Proposition 3.4. With the above hypotheses,
3.9. Numerology. We will put ourselves in a situation where both h 0 (Γ F , g 0 ) and h 0 (Γ F , g 0 (1)) vanish, simplifying Wiles's formula to
A first thing to notice is that adding a prime v to Σ and a liftable local condition P v at v which satisfies
will have no effect on eq. (1). One important example of this are the primes of Ramakrishna type, described in Section 4. Ramakrishna's method uses the addition of primes of Ramakrishna type to annihilate the dual Selmer group on the left hand side of eq. (1), while leaving the right hand side unchanged, simplifying eq. (1) to
Then the universal deformation ring R P ρ will be isomorphic to a power series ring over O in this many variables. Assume for all v ∈ Σ, v ∤ p∞ that we have fixed liftable local conditions P v satisfying eq. (2). For each v | ∞, we are forced to take L v = 0 (assuming p > 2), and eq. (3) becomes
Of course, the goal is for this number to be ≥ 0 if we want to produce characteristic 0 lifts. Fix a Borel subgroup B containing a fixed maximal torus T , and let N denote the unipotent radical of B. In [Pat16] an "ordinary with fixed Hodge-Tate weights" local condition is imposed at v | p, which is liftable and satisfies
This condition allows control over Hodge-Tate weights, producing lifts which are geometric (in the sense of the Fontaine-Mazur conjecture), and eq. (4) becomes
Attempting to force eq. (5) to be nonnegative brings us back to the conclusion of the oddness discussion in the introduction: F must be totally real, and ρ must map complex conjugation to an odd involution. Under these assumptions, eq. (5) equals 0, and R P
However, recall that we are taking F to be a CM field. With ordinary local conditions at v | p, the right hand side of eq. (5) equals
so this strategy fails.
3.10. Nearly ordinary deformations. In §7 of [CM09] , this problem is investigated with G = GL 2 and F/Q quadratic imaginary with p split. At each prime v | p, they replace the "ordinary with fixed Hodge-Tate weights" condition with a "nearly ordinary" condition, where the weights are allowed to vary. As we will explain below, this has the effect of replacing n in eq. (5) with b. This allows us to once again produce characteristic 0 deformations, as we have
The trade off is that this no longer guarantees that the deformations produced are geometric (in fact, we will produce examples where the geometric points conjecturally related to automorphic representations are sparse in the deformation space).
We will now explain the nearly ordinary condition. Compare to §4.1 of [Pat16] , which describes the ordinary condition with fixed Hodge-Tate weights in the same manner and generality, and §2 of [CM09] which describes their nearly ordinary condition for GL 2 .
Definition 3.5 (Nearly ordinary deformations). Fix v | p, and suppose that
. We call such lifts nearly ordinary and we call Lift ord ρ v the nearly ordinary deformation condition.
Now we will impose the following condition on ρ v :
Lemma 3.6. Suppose ρ v satisfies (REG). Then Lift ord ρ v is a local deformation condition.
Proof. We need to show that this definition is well defined, and that Lift ord ρ v is a representatble subfuctor. Both follow from noting that under assumption (REG), if ρ(Γ Fv ) and g ρ(Γ Fv ) ⊂ B(R), then g ∈ B(R). For more details and references, see Lemma 4.2 and its proof in [Pat16] .
The tangent space to Lift ord ρ is described by the following Lemma.
Lemma 3.7. Assume ρ satisfies (REG) so that the preceding lemma applies. Then
which is an injective map. Thus we can identify
Proof. This can be extracted from the proof of Lemma 4.3 of [Pat16] , but we will repeat the proof here, since it is short and our lemma looks slightly different. Assumption (REG) assures that we have a deformation condition, and that the map in the lemma is injective. If φ ∈ Z 1 (Γ Fv , g 0 ) represents a class in L ord , then there is some X ∈ g such that
Observe that the cycle
To continue, we need a couple additional assumptions, one of which is the following:
Proposition 3.8. Assume that ρ satisfies (REG) and (REG*), and that
Proof. See Prop. 4.4 in [Pat16] . Again, we repeat the proof since our deformation condition looks slightly different.
The Killing form induces a nondegenarate pairing n × g/b → k, and thus a Γ Fv -equivariant isomorphism n * ∼ = g/b. By local duality and (REG*),
From the long exact sequence associated to 0 → b 0 → g 0 → g/b → 0 and (REG), we see that
From the long exact sequence associated to 0 → n → b 0 → b 0 /n → 0 and the fact that H 2 (Γ Fv , n) = 0 by (REG*) we have
Notice that b 0 /n is a trivial Γ Fv -module, so by local duality,
Here we are using our assumption that ζ p ∈ F . Putting everything together using the local Euler characteristic formula we have
as desired.
To complete the proof, we desire liftablilty. An obstruction to lifting over a small surjection with kernel I lies in H 2 (Γ Fv , b 0 )⊗ k I, and we have already shown that, under our hypotheses,
Remark 3.9. The ordinary condition with fixed Hodge-Tate weights of [Pat16] is defined in the same way, except by requiring of lifts ρ that
is given by a fixed lift χ :
Choosing χ allows us to produce characteristic 0 lifts of ρ which are de Rham at v | p, and therefore geometric. See Lemma 4.8 in [Pat16] 4. The method of Ramakrishna 4.1. Introduction. This section begins by describing the local condition at certain auxiliary primes which allow one to annihilate the dual Selmer group. Then, following §5 of [Pat16] , an axiomatized version of Ramakrishna's method is stated which is suitable for our application.
We will refer to [Pat16] for most of the proofs, indicating the necessary alterations we need.
Ramakrishna primes.
Let ℓ = p be a prime, and v | ℓ a place of F at which ρ is unramified. Let fr v denote a choice of geometric Frobenius for F v . Suppose that ρ v (fr v ) is a regular semi-simple element lying in T (k) for some maximal torus T .
Definition 4.1. We say the representation ρ v as above is of Ramakrishna type if there exists a unique root α ∈ Φ(G, T ) such that
Remark 4.2. In [Pat16] it is not required that α be unique, but with this additional constraint, H 0 (Γ Fv , g 0 (1)) is 1-dimensional, which will be necessary for the calculations of Section 8.
The following is Lemma 4.10 in [Pat16] . Let T α = ker(α) • , and t α be the Lie algebra of T α . If l α is the Lie algebra of the 1dimensional torus generated by α ∨ , then t α ⊕ l α ∼ = t 0 . The tangent space L Ram is described by the following, which is Lemma 4.11 in [Pat16] .
All cocycles in L Ram,⊥, have vanishing g −α -component.
Axiomatized Ramakrishna method.
We now use primes of Ramakrishna type to construct a universal deformation ring isomorphic to O X 1 , . . . , X r with r = [F :Q] 2 dim k t 0 . This section is an adjusted version of §5 of [Pat16] . Suppose that ρ : Γ F,Σ → G(k) for a finite set of places Σ has infinitesimal centralizer z(g). Fix a similitude character ν lifting ab •ρ. We enforce this similitude character upon all our deformations, which has the effect of replacing g with g 0 in the Galois cohomology calculations, and similarly with other subquotients of g. Let K = F (g 0 , µ p ). We now enforce the following assumptions.
(1) h 0 (Γ F , g 0 ) = h 0 (Γ F , g 0 (1)) = 0.
(2) There is a global deformation condition P = {P v } v∈Σ consisting of liftable deformation conditions for each place v ∈ Σ (all with fixed multiplier character); the dimensions of their tangent spaces are
(3) F is a CM field.
(4) H 1 (Gal(K/F ), g 0 ) = H 1 (Gal(K/F ), g 0 (1)) = 0.
(5) Assume that (4) holds. For any pair of non-zero Selmer classes φ ∈ H 1 P ⊥ (Γ F,Σ , g 0 (1)) and ψ ∈ H 1 P (Γ F,Σ , g 0 ), we can restrict φ and ψ to Γ K , where they become homomorphisms which are nonzero by (4). Letting K φ /K and K ψ /K be their respective fixed fields, we assume that K φ and K ψ are linearly disjoint over K.
(6) Consider any φ and ψ as in the hypothesis of item (5). Then there is an element σ ∈ Γ F such that ρ(σ) is a regular semi-simple element of G, the connected component of whose centralizer we denote T , and such that there exists a unique root α ∈ Φ(G, T ) satisfying
has an element with non-zero l α -component; and
has an element with non-zero g −α -component.
Remark 4.6. Compare these to the 6 assumptions in §5 of [Pat16] . The only differences are in (2), (3), and the uniqueness assumption on α in (6).
Under the above assumptions, we can now state our analogue of Prop. 5.2 in [Pat16] .
Proposition 4.7. Under assumptions (1)-(6) above, there exists a finite set of primes Q disjoint from Σ, such that the universal deformation ring R
2 dim t 0 many variables.
Proof. The proof is nearly the same as the proof of Prop. 5.2 in [Pat16] , but we will repeat most of the proof, since we will need to refer back to it. Wiles's formula gives us
which under assumptions (1), (2), and (3) reduces to
Notice that we would be done if
which exists by the dimension calculation above). By Lemma 4.9 below (which is a generalization of Lemma 5.3 in [Pat16] 
, and there are inclusions
the second of which is an isomorphism, only using the assumption that ψ| Γ Fw ∈ L w (see the proof of Prop. 5.2 in [Pat16] ). Then we have an exact sequence (all cohomology is applied to g 0 (1)):
. After a finite number of applications of Lemma 4.9, the dual Selmer group vanishes.
Remark 4.8. Assume that we have added sufficiently many primes to Σ such that H 1 P ⊥ (Γ F,Σ , g 0 (1)) = 0. For any nonzero ψ ∈ H 1 P (Γ F,Σ , g 0 ) we could apply Lemma 4.9 with φ = 0, choose a prime w satisfying the conclusion, then add a local condition at w to P as in the proof of Proposition 4.7. The proof goes through all the way through eq. (8). Then we conclude that
In Section 8, we will add additional primes of ramification in this way to exclude certain cocycles from the tangent space of certain deformation problems.
Lemma 4.9. Assume that ψ ∈ H 1 (Γ F,Σ , g 0 ) is nonzero and φ ∈ H 1 (Γ F,Σ , g 0 (1)).
(1) If φ = 0, then assume ψ and φ satisfy axioms (5) and (6) listed above. Then there are infinitely many primes w ∈ Σ such that ρ| Γ Fw is of Ramakrishna type and satisfying
(2) If φ = 0, then assume that ψ satisfies axiom (6) (without any conditions on φ). Then there exists infinitely many primes w ∈ Σ such that ρ| Γ Fw is of Ramakrishna type and
Proof. The proof of (1) is identical to the proof of Lemma 5.3 in [Pat16] , even though we are making slightly more general assumptions. The proof of (2) is similar but easier; just ignore all mention of φ.
4.4.
Representations with large image. As in §6 of [Pat16] , we can satisfy the hypotheses of Proposition 4.7 by taking a generous image assumption (up to the existence of some local conditions). Precisely, we have the following theorem. Compare to Theorem 6.4 in [Pat16] .
(2) p − 1 is greater than the maximum of 8#Z (G der ) sc and
(4) For all places v | p, ρ v is nearly ordinary, satisfying the conditions (REG) and (REG*).
Then there exists a finite set of primes Q disjoint from Σ, such that the universal deformation ring R {Pv } v∈Σ∪Q ρ with P v as above for v ∈ Σ and P v the Ramakrishna condition for v ∈ Q is isomorphic to O X 1 , . . . , X [F :Q] 2 dim t .
Proof. The hypotheses clearly imply axioms (1)-(3) of Proposition 4.7. The proofs that axioms (4)-(5) of Proposition 4.7 are satisfied is exactly the same as in §6 of [Pat16] . The proof that axiom (6) holds is the same as the proof of Lemma 6.7 in [Pat16] , except that we use x = (4ρ ∨ − α)(t) instead of x = 2ρ ∨ (t). This ensures that there is a unique root (namely α) for which α • ρ(σ) = κ(σ). If one uses 2ρ ∨ (t), then every simple root α satisfies this identity.
Remark 4.11. In fact, one can check that under the large image hypothesis, properties (5) and (6) hold for any cocycles, not only for Selmer classes. We will use this in Section 8.
5.
Weights in the case G = GL 2 5.1. Introduction. Proposition 4.10 produces universal deformation rings of the desired size and shape, but so far we haven't said anything about the Hodge-Tate weights of its Q ppoints. We start with the example G = GL 2 and F/Q quadratic imaginary for concreteness, and to address some subtleties that aren't addressed in [CM09] , before considering more general groups G and number fields F .
5.2.
Hodge-Tate cocharacter. Suppose that ρ : Γ Qp → GL 2 (Q p ) is a Hodge-Tate representation of Γ Qp acting on a 2-dimensional Q p -vector space V , with Hodge-Tate weights a, b. One way to record the weights which generalizes well to more other algebraic groups is to use a Hodeg-Tate cocharacter, unique up to swapping a, b (i.e. up to Weyl conjugation):
We will briefly review Hodge-Tate cocharacters, as they will play a major role in what follows.
Definition 5.1. For a reductive group G, and a representation ρ :
is Hodge-Tate, then there exists a cocharacter µ HT ∈ X • (T ) called the Hodge-Tate cocharacter such that for any representation r :
Proof Suppose we are in the setup of [CM09, §7], namely we have a quadratic imaginary number field F/Q with p split, and a representation ρ :
. Consider the functor from the category of rigid analytic spaces to abelian groups which sends
We call the representing rigid space weight space, and denote it as W F or just W when F is clear.
Proof. See [Buz04, §2] Now assume that ρ v and ρ v have the same Hodge-Tate weights. Then if
and
, then χ v either has the same Hodge-Tate weight as χ v or χ −1 v . Assume for simplicity that χ v and χ v have the same Hodge-Tate weight (the other case is similar). Then χ v and χ v assemble to produce a Q p -point in W in the following way: since each character φ of Γ Qp factors through the abelianization Γ ab Qp , the restriction of φ to inertia gives a map out of I ab Qp ∼ = Z × p , via class field theory. For example, κ n gives the map x → x n (under a suitable normalization of class field theory). If a is the Hodge-Tate weight of both χ v and χ v then they induce a map
is the induced norm map, and ε is a finite order character.
Definition 5.6. We say a weight χ :
• locally algebraic if it is the product of an algebraic weight and a finite order character,
• parallel if it is algebraic and a = b, and
• locally parallel if it is the product of a parallel weight and a finite order character.
Let W par denote the space of locally parallel weights, and W 0 the space of parallel weights. 
is the rigid open unit n-ball. By definition of W, this produces a map of rigid spaces
We get a similar map γ ′ by using χ v and χ −1 v . The claim of [CM09, §7] is that γ −1 (W par ) and γ ′−1 (W par ) are finite, i.e. ρ has finitely many parallel weight specializations. There are a couple subtleties which aren't addressed in [CM09] , one of which is explained in [Loe11] , and which we will also explain. See [Loe11] for more details. Arbitrary characters of U can be approximated by characters of the form x → x n with n ∈ Z, so W 0 is dense for both topolgies in the image of Spec(Z p U )(Q p ) in W (Q p ).
Proposition 5.8. In the Zariski topology, the closure of W par is a 2-dimensional subspace of W (Q p ). In the rigid analytic topology, the closure of W par is a 1-dimensional subspace of W.
Proof. (See also [Loe11, Prop. 4 .2]) For any finite character ε : O × F,p → Q × p (of which there are infinitely many), define W ε as the subspace of W par consiting of weights of the form x → (xx) n ε(x). Then W par is the disjoint union of the W ε for all ε, where W 0 corresponds to the trivial character. W ε is a disjoint translate of W 0 , thus has closure isomorphic to (but disjoint from) the closure of W 0 . Thus the Zariski closure of W par contains an infinite collection of disjoint 1-dimensional subspaces, and therefore cannot be 1-dimensional.
Consider the element
Then N(u) = 1, and u is a Z p -generator for the norm 1 elements of O × F,p /torsion. Then the map χ → log p (χ(u)) is a rigid analytic function on W, which cuts out a 1-dimensional closed subscheme. But any weight χ ∈ W par is in this subsceme, since any such weight can be written as χ(x) = N(x) n ε(x), and satisfies log p (χ(u)) = n log p (N(u)) + log(ε(u)) = n log p (1) + 0 = 0, since ε takes values in the roots of unity, which are 0's of the p-adic logarithm.
Remark 5.9. The claim in [CM09] is that γ −1 (W par ) is 0-dimensional in the Zariski topology (i.e. finite). Their strategy only allows one to deduce that γ −1 (W par ) 0-dimensional in the rigid topology (which does not imply finite). But this is still good enough to imply that γ −1 (W par ) is at least sparse and discrete. 5.6. Enforcing finiteness. If one desires finiteness, one possible solution is to put some sort of restriction on the allowed finite order characters. The most natural way to do this is to constrain the ramification, which could be done in a number of ways. For example, one suggestion of [Loe11] is to only consider specializations of ρ which are crystalline at both v, v, or become so after any fixed finite extension of Q p . Another solution would be to only consider K-points, where K/Q p is an extension which doesn't contain all p-power roots of unity, so as to limit the possible ramification of characters. 5.7. Passage to infinitesimal weights. Next, I will explain the use of "infinitesimal weights" in [CM09] to show that γ −1 (W par ) is 0-dimensional .
Definition 5.10. For a cocycle ϕ ∈ H 1 (Γ Fv , b 0 ), the infinitesimal weight of ϕ is given by applying to ϕ the composition of maps
where the first map is induced by b 0 → b 0 /n, the second follows from the fact that b 0 /n ∼ = t 0 is abelian with trivial action, the third restricts to inertia and uses class field theory, and the fourth evaluates at 1 + p.
Proposition 5.11. One can associate infinitesimal weights to ρ at v and v, such that either
(1) the infinitesimal weights of ρ are parallel (equal at v and v), or
(2) γ −1 (W par ) is 0-dimensional (in the rigid topology), and γ −1 (W ε ) is finite for each ε.
Proof. Let χ v , χ v : Z × p → O X × be defined as above, by taking the quotient of the diagonal characters of ρ v and ρ v respectively. Let f v (X) = χ v (1 + p) and f v (X) = χ v (1 + p). The weight of χ v at a specialization α ∈ Q p with |α| p < 1 of X can be extracted as
and similarly for v. If the weights of χ v and χ v are equal at α, then we can conclude that
then g(α) is a root of unity. If χ v and χ v have equal weights (meaning that the weights are equal at all specializations α), then g only takes values in the roots of unity. I claim that this implies that g is constant. Continuing the proof of the theorem, we see that if χ v and χ v have equal weights, then f v (X) = ζf v (X) for some root of unity ζ. Otherwise, g(X) = ζ can only have finitely many zeros for every root of unity ζ, which implies that γ −1 (W ε ) is finite for each ε, i.e. (2) holds.
Suppose that (2) does not hold. Then we may assume that f v (X) = ζf v (X) for some root of unity ζ. Let ̟ ∈ O denote a uniformizer, and write
and similarly for v. Note that O X /(̟, X 2 ) ∼ = k[ǫ] by X → ǫ. We have
and similarly for f v (X). Notice that the composition
Tracing through the definitions of the isomorphism Def P ρ (k[ǫ]) ∼ = H 1 P (Γ F,Σ , g 0 ) and the infinitesimal weight map β shows that β(
Remark 5.13. In order to consider all specializations of ρ with parallel weight, we should re-prove Proposition 5.11 using χ v , χ −1 v , and γ ′ as well (the proof is the same). This is the case where ρ v and ρ v have the same weights, but in opposite diagonal matrix entries. Then the infinitesimal weights will be negatives of each other. Combining both results into one:
Corollary 5.14. Associating inifinitesimal weights to ρ as in Proposition 5.11, either
(1) the infinitesimal weights of ρ are either equal or negatives of each other, or
is finite for each ε. Remark 5.15. To arrive at the conclusion of Theorem 7.1 in [CM09] , we wish end up in case (2) of the corollary rather than the proposition, and this leads to another subtlety that doesn't seem to be addressed in [CM09] . To conclude the proof of Theorem 7.1 of [CM09] , the idea is that if you are in case (1) of Proposition 5.11, then add an additional prime of ramification to ensure you are no longer in case (1). The argument allows one to avoid any subspace in the infinitesimal weight space k ⊕ k, but in light of the corollary, one really wishes to avoid both the diagonal subspace and the anti-diagonal subspace, which together span all of infinitesimal weight space. Unfortunately, the argument in [CM09] doesn't rule out the possibility that every attempt to move out of the diagonal subspace places you into the anti-diagonal subspace, or vice versa. 5.8. Geometric lifts. We really don't care about specializations of ρ with parallel weight as much as we care about specializations which are automorphic, which must also be geometric, in the sense of the Fontaine-Mazure conjecture. We can use this extra structure to address the concerns raised in Remark 5.15, by making one additional minor assumption on ρ, namely that the ρ v and ρ v are non-split. For then ρ v and ρ v will also be non-split, and all but finitely many specializations of ρ v and ρ v will be non-split. If a non-split specialization of ρ v is de Rham (e.g. if ρ is geometric), then it induces a non-zero class in the group H 1 g (Γ Fv , Q p (χ v )) defined by Block and Kato in [BK90] . The dimensions of H 1 g can be calculated using basic p-adic Hodge theory, for example in §1 of [Nek93] . Proposition 1.24 of [Nek93] gives the formula for the dimension of H 1 g . From this we conclude Proposition 5.16. If H 1 g (Γ Fv , Q p (χ v )) = 0, then the Hodge-Tate weight of χ v is a nonnegative integer.
Since ρ v or ρ v will only be split at finitely many specializations, we can ignore these and consider the specializations of ρ where ρ v and ρ v are both non-split. The proposition implies that in this case the weights of χ v and χ v (rather than just χ ±1 v ) must agree on any geometric specialization of ρ. In particular, we no longer need to worry about the anti-diagonal infinitesimal weight space, and Proposition 5.11 together with the arguments of [CM09] suffice to conclude:
Theorem 5.17. (Compare with [CM09, Thm. 7.1]) Let k/F p be a finite field, F/Q a quadratic imaginary extension in which p splits. Let ρ : Γ F → GL 2 (k) denote a continuous absolutely irreducible Galois representation satisfying:
(1) The image of ρ contains SL 2 (k), and p ≥ 5,
(2) If v | p, then ρ is nearly ordinary at v taking the shape ρ| Iv = ψ * 0 1 with ψ = 1, κ ±1 and * = 0.
(3) If v ∤ p and ρ is ramified at v, then H 2 (Γ Fv , g 0 ) = 0.
Then there exists a Galois representation ρ : Γ F → GL 2 (W (k) X ) lifting ρ such that
(1) ρ is unramified outside some finite set of primes Σ, and if v | p then ρ| Γ Fv is nearly ordinary, and
(2) the set of specializations of ρ which are geometric with parallel Hodge-Tate weights is 0-dimensional in the rigid topology.
6. Hodge symmetry and parallel weight 6.1. Introduction. This section gives automorphic and motivic analogues of "parallel Hodge-Tate weights" in the GL 2 case and extends these ideas to more general groups G. Then we can study weights, weight space, parallel weight space, etc. in this generality.
6.2.
Vanishing of cuspidal cohomology. Irreducible Galois representations Γ F → GL 2 (Q p ) for F/Q quadratic imaginary are conjecturally connected to cuspidal automorphic forms on GL 2 (A F ). If such an automorphic form is "cohomological," then it appears in a cohomology group of the form
, where the action on the second factor is twisted by complex conjugation. The P refers to "parabolic" (or "cuspidal") cohomology. The motivation for "parallel weight" is the following result. For more on this, see [Tay88] , which refers the reader to [Har87] for details. 6.3. Vanishing of cohomology in higher rank. For more general G, the book [BW00] proves similar vanishing results, at least in the case of a cocompact arithmetic subgroups Γ.
Theorem. [BW00, VII 6.7] For G connected, semi-simple, finite center, and no compact factor, Γ a cocompact discrete subgroup, and F and irreducible finite dimensional G-module with highest weight Λ − ρ. If θΛ = Λ, then H * (Γ, F ) = 0.
In this theorem ρ is the half sum of the positive roots, and θ is a fixed Cartan involution. This theorem is deduced from the following vanishing result for (g, k)-cohomology, and the decompositon of the cohomology of Γ in terms of unitary representations.
Theorem. [BW00, II 6.12] Let F be the irreducible finite dimensional g C -representation with highest weight Λ − ρ. Let (π, H) be a unitary (g, k)-module with Casimir element operating by a scalar operator. If θΛ = Λ, then Ext * g,k (F, H) = 0.
6.4. θΛ = Λ when g is complex. For g the Lie algebra of a complex group G (which is what we are looking at since the fields we work over are CM), we have
where the action on second factor is twisted by conjugation. A highest weight Λ for g C can then be thought of as a pair of highest weights Λ = (λ 1 , λ 2 ) for each factor of g. Proposition 6.2. θ "swaps and dualizes Λ = (λ 1 , λ 2 )", i.e.
Proof. Since we are assuming G /C is a reductive algebraic group, it is linear. Let g denote the Lie algebra, and choose an embedding g ֒→ gl n (R), inducing an embedding g C ֒→ gl n (C). Then by [Kna02, Prop. 6.28] θ can be chosen as negative-conjugate-transpose on g C :
In terms of the isomorphism g C ∼ = g ⊕ g, this says
Thus on highest weight representations, θ swaps and dualizes, and in general the dual of a highest weight λ representation is a highest weight −w 0 λ representation.
Thus the condition that θΛ = Λ amounts to λ 1 = −w 0 λ 2 . In the case of a self dual weight (so any weight if −1 ∈ W G ), this says that λ 1 = λ 2 , which could obviously be described as "parallel weight." 6.5. Hodge symmetry. The motivic analogue of what we have been referring to as "parallel weight" is essentially Hodge symmetry. We will give a quick explanation, and refer the reader to [Pat17b, §2] for more details. Let M F,E denote a Tannakian category of pure motives over F with coefficients in E. Fixing embeddings F ֒→ E and E ֒→ C induces a Betti fiber functor M F,E → Vec E making M F,E into a neutral Tannakian category. Let G denote the Tannakian group, so that the fiber functor induces an isomorphism M F,E ∼ = Rep(G). Then for each τ : F ֒→ E, Hodge decomposition gives a functor which induces by Tannakian formalism a τ -labeled Hodge cocharacter µ τ : G m → G, well defined up to conjugacy. The weight grading on M F,E also induces a (central) cocharacter ω on G, and Hodge symmetry implies that for any choice of complex conjugation c,
where the brackets denote Weyl conjugacy classes (additive notation is used for consistency with the next section). Then the comparison isomorphisms of p-adic Hodge theory imply the analogue of this statement for Hodge-Tate cocharacters of Galois representations arising in the étale cohomology of motives. Suppose F is a CM field with maximal totally real subextension F + , v | p is a place of F + which splits v = ww in F , and ρ : Γ F → G(Q p ) is a Galois representation belonging to a compatible system coming from the étale cohomology of a motive in M F,E . Then each embedding τ : F ֒→ Q p has a complex conjugate embedding τ : F ֒→ Q p (swapping w and w), and we have 7. Weights for general G 7.1. Introduction. In this section we imitate the GL 2 example of Section 5 to investigate weights, weight space, parallel weights, and infinitesimal weights when G is a general reductive group, and F is a CM number field satisfying certain hypotheses. 7.2. Parallel weight for general G, and quadratic imaginary F . Suppose that G is of semisimple rank d, and that F/Q is quadratic imaginary with p split. Consider a representation ρ : Γ F → G(Q p ) which is nearly ordinary at v, v | p for a fixed Borel B containing a split maximal torus T and having unipotent radical N. Let µ v HT and µ v HT denote choices of Hodge-Tate cocharacters for ρ v := ρ| Γ Fv and ρ v := ρ| Γ F v , where p = vv.
Definition 7.1. The representation ρ has parallel Hodge-Tate weight if there exists a central cocharacter ω such that
The brackets denote Weyl conjugacy classes, and ω is called the weight cocharacter.
Remark 7.2. In general, µ v HT and µ v HT are only determined up to Weyl conjugacy. However, just as in the GL 2 case, if we require ρ v and ρ v to be non-split and geometric, then we can use p-adic Hodge theory to canonically choose µ HT and µ v HT .
7.3. Non-split representations. Fix a pinning of G with Borel subgroup B, and suppose that for v | p that ρ v is nearly ordinary with respect to B. The Lie algebra b of B admits a B-stable filtration by root height:
For r ≥ 1, let N r denote the closed normal subgroup of B with Lie algebra F r b (thus N := N 1 is the unipotent radical of B). Fixing a spliting B = N ⋊ T , we can write
By Proposition 5.16, we have the following. Remark 7.6. W G acts on χ v,i by (w · χ v,i )(σ) = α i (w · π(ρ v (σ))), where π : B → T is the projection map.
Remark 7.7. For simplicity, we will always assume B = B ′ , so that w = w 0 . 
Remark 7.8. If −1 ∈ W G , then this says χ v,i and χ v,i have the same Hodge-Tate weight for each i = 1, . . . , d, an exact generalization of parallel weight in the GL 2 case. 7.4. Passage to infinitesimal weight for general groups. Continue to suppose that F/Q is quadratic imaginary with p split. Let G be a split reductive group. Let d = rank G der . Suppose that ρ : Γ F → G(O X 1 , . . . , X d ) is a universal deformation, as constructed in Proposition 4.10. Consider
By the nearly ordinary assumption, we can assume (after conjugation by some element of G) that the images are in B, where B is a fixed Borel of G containing a split maximal torus T and having unipotent radical N. Let ∆ = {α 1 , . . . , α d } be the simple roots of (G, B, T ).
For each i = 1, . . . , d
Definition 7.9. For a cocycle ϕ ∈ H 1 (Γ Fv , b 0 ) the infinitesimal weight of ϕ is given by applying to ϕ the composition of maps
where the action of the Weyl group on k d is induced by the action on t.
Proposition 7.10. One can associate a collection of infinitesimal weights to ρ at v and v such that either
(1) the infinitesimal weights of ρ are parallel, or
(2) There is an 1 ≤ i ≤ d such that γ −1 i (W ε ) has codimension ≥ 1 for each ε, and γ −1 i (W par ) has codimension ≥ 1 in the rigid topology.
Proof. Let
. As in the GL 2 case, if ρ v and ρ v have the same weight for some specialization α (of X 1 , . . . , X d ), then
for some root of unity ζ. If f v,i /f v,i = ζ as series, then for each specialization of X 1 , . . . , X d−1 , there are finitely many specializations of X d which are roots of f v,i /f v,i − ζ, so γ −1 i (W ε ) is ≤ d − 1 dimensional for each finite character ε. Thus (2) holds.
If for every
for some roots of unity ζ i , then we can form the tuples (f v,1 , . . . , f v,d ) and (f v,1 , . . . , f v,d ) and reduce down to k[ǫ] in various ways using the quotient maps O X 1 , . . . , X d ։ O X 1 , . . . , X d /(π, X 1 , . . . , X j−1 , X 2 j , X j+1 , . . . , X d ) for j = 1, . . . , d. We have f v,i ≡ a v 0,i,j + a v 1,i,j ǫ mod (π, X 1 , . . . , X 2 j , . . . , X d ) for each j, and similarly for v. Since f v,i and f v,i differ by a scalar, a v
for each i and j. As with the GL 2 case, (a v 1,1,j /a v 0,1,j , . . . , a v 1,d,j /a v 0,d,j ) equals the image of ρ v mod (π, X 1 , . . . , X 2 j , . . . , X d ) under the composition: for some integers n σ , and finite order character ε. Here, the product is over all embeddings σ : F → Q p . χ is algebraic if ε is trivial.
Suppose that F/Q is a Galois CM extension with maximal totally real subextension F + Suppose also that each prime v | p of F + splits in F , v = ww. In this case, each embedding σ : F → Q p which factors through F w will have a "conjugate" embedding σ : F → Q p which factors through F w , defined by σ = σ • c, where c ∈ Gal(F/Q) denotes complex conjugation.
Definition 7.12. We say a locally algebraic weight χ is locally parallel if n σ = n σ for each σ : F → Q p and parallel if ε is trivial.
As before, we let W par denote the subspace of locally parallel weights, W 0 the space of parallel weights, and W ε the translate of weights in W 0 by the finite character ε.
Proposition 7.13. Let F/Q be CM, with F + = F ∩ F c . Let m = [F + : Q]. Then the closure of W ε in either the Zariski or rigid topology is m-dimensional. The closure of W par in the Zariski topology is > m dimensional, but the closure of W par in the rigid topology is m dimensional.
Proof. The proof that the closure of W 0 in either topology is m-dimensional follows the proof of Lemma 5.7, using the norm map from F to F + . The result for W ε for any finite character ε follows by translation.
Infinitely many ε's implies infinitely many disjoint W ε 's in W par , which implies W par has Zariski closure of dimension strictly larger than m. As in the proof of Proposition 5.8, p-adic logarithms cut out a closed rigid analytic m-dimensional subspace of W containing W par . 7.6. τ -labeled Hodge-Tate cocharacters. Suppose for this section that F/Q p is a finite extension, and let I = {τ : F ֒→ Q p }. Consider a Hodge-Tate representation ρ :
In the case F = Q p that we considered in previous sections, D HT (V ) is just a graded Q p -vector space, and the nonzero graded pieces encode the Hodge-Tate weights. For a general F , D HT (V ) is a graded module over
so D HT (V ) decomposes into a collection of graded Q p -vector spaces, indexed by I. We can then define τ -labelled Hodge-Tate weights using this collection of Q p -vector spaces.
For a general reductive group G,a representation ρ : Γ F → G(Q p ), and τ : F ֒→ Q p , we obtain the τ -labeled Hodge-Tate cocharacter µ HT,τ using Tannakian formalism as before. 7.7. Generalizing to CM number fields. Suppose that F/Q is a Galois CM extension (the Galois assumption is not necessary, but provides uniformity across primes above p, which simplifies the book keeping), F + = F ∩ F c ζ p ∈ F , and each place v | p of F + is split in F as v = ww. Let m = [F + : Q], and f = [F w : Q p ] for any place w of F dividing p. Retain the assumptions and notation for G from previous sections. Let ∆(G, B, T ) = {α 1 , . . . , α d } be the simple roots with respect to B (for which each ρ w is nearly ordinary). For w | p, we define characters χ w,i = α i • ρ w as before. The earlier results of this section generalize to give the following.
Proposition 7.15. Suppose that ρ is nearly ordinary, non-split, and de Rham at each w | p, and assume that ρ has parallel Hodge-Tate weights. Then χ w,i and −w 0 χ w,i have the same τ -labeled Hodge-Tate weights for each i, w | p and τ : F w ֒→ Q p .
7.8. Passage to infinitesimal weights for CM fields. The universal deformations constructed in Section 4 have the form
For w | p, we define characters χ w,i = α i • ρ w as before. Fixing i and ranging over w determines maps γ i : D md → W induced by v|p v=ww
Definition 7.16. For a cocycle ϕ ∈ H 1 (Γ Fv , b 0 ) the infinitesimal weight of ϕ is given by applying to ϕ the composition of maps
, then say that ϕ w and ϕ w have parallel infinitesimal weight if β(ϕ w ) = −w 0 β(ϕ w ).
Proposition 7.17. One can associate a collection of infinitesimal weights to ρ at each w | p such that either
(1) the infinitesimal weights of ρ w and ρ w are parallel for each w | p, or
Proof. Let α 1 , . . . , α f denote a basis for O × Fv /torsion. Define for each i = 1, . . . , d and j = 1, . . . , f f w,i,j := χ w,i (α j ), and f w,i,j := −w 0 χ w,i (α j ). For each i and j and each root of unity ζ, consider the series
If for some i, j, w, f w,i,j /f w,i,j is not a constant root of unity, then for each ζ, g w,i,j,ζ is 0 on a codimension ≥ 1 set of specializations. We deduce that γ −1 i (W ε ) is codimension ≥ 1 for every finite character ε, and (2) holds.
Otherwise, for every w, i, j we have f w,i,j = ζ w,i,j f w,i,j for some root of unity ζ w,i,j . We have maps O X 1 , . . . , X md ։ k[ǫ] defined for 1 ≤ n ≤ md by the reductions O X 1 , . . . , X md ։ O X 1 , . . . , X md /(π, X 1 , . . . , X 2 n , . . . , X md ) ∼ = k[ǫ], and for each i, j, n, w we write f w,i,j ≡ a w 0,i,j,n + a w 1,i,j,n ǫ mod (π, X 1 , . . . , X 2 n , . . . , X md ). Then since f w,i,j and f w,i,j differ only by a constant, we have a w 1,i,j,n a w 0,i,j,n = a w 1,i,j,n a w 0,i,j,n .
Further, the tuple a w 1,i,j,n a w 0,i,j,n i=1,...,d j=1,...,f is the image of ρ w mod (π, X 1 , . . . , X 2 n , . . . , X md ) under the composition
is the image of ρ w . Thus ρ has parallel infinitesimal weights at each pair w, w | p.
Sparsity of automorphic points
8.1. Introduction. Suppose that ρ satisfies the hypotheses of Proposition 4.10 and that ρ is the universal deformation produced by Proposition 4.10. To ease notation, we write Σ for the set of places denoted Σ ∪ Q in the conclusion of Proposition 4.10. We have an infinitesimal weight map:
If we assume that ρ is non-split at each w | p, then ρ will be non-split for all specializations off of a codimension ≥ 1 subspace. If any non-split specialization is geometric with parallel weight, Proposition 7.15 applies. Then by Proposition 7.17, either
(1) the set of specializations of ρ which are geometric with parallel weight has codimension ≥ 1, or
(2) The image of (9) lands in the parallel weight subspace of w|p k f d where the coordinates for w and w differ by −w 0 .
Suppose that (2) holds. Then the image of (9) is contained in the (proper) subspace of parallel infinitesimal weights. Following the ideas of [CM09], we will show how to add an additional prime of ramification to Σ to produce a new universal deformation satisfying the conclusions of Proposition 4.10, but for which (2) does not hold. Thus (1) will hold, and we will have produced a deformation space for ρ with a sparsity of geometric parallel weight (and conjecturally automorphic) points.
In particular, assuming the image of (9) is contained in any proper subspace U, we will show how to add a prime to Σ so that the image of (9) is not contained in U. We begin with the following Galois cohomology result, which is modeled after Proposition 10 in [Ram02] . Compare also to Lemma 7.7 in [CM09] .
Proposition 8.1. Let ψ ∈ H 1 P (Γ F,Σ , g 0 ) be a non-zero Selmer class. Let T denote the Čebotarev class determined by Lemma 4.9 for ψ. Then the restriction map
Proof. For any set of primes W , define P 1 M) , where the product is restricted with respect to the unramified cocycles (the image of the inflation map M) ). Then we have restriction maps
ϑ : H 1 (Γ F,Σ∪T , g 0 (1)) → P 1 Σ∪T (g 0 (1)). Notice that P 1 Σ∪T (g 0 ) and P 1 Σ∪T (g 0 (1)) are dual via local duality. By the results of global duality, imageθ is the annihilator of imageθ under the local duality pairing. Then the annihilator of P 1 T (g 0 )+imageθ in P 1 Σ∪T (g 0 (1)) is the intersection of the annihilators of P 1 T (g 0 ) and imageθ, which we can describe as {θ(φ) : φ ∈ H 1 (Γ F,Σ∪T , g 0 (1)), φ| Γ Fv = 0 ∀v ∈ T }.
I claim that any φ is trivial. Assuming the claim for a moment, we conclude that P 1 T (g 0 ) + imageθ = P 1 Σ∪T (g 0 ), so that (all cohomology applied to the module g 0 )
In remains to prove the claim. Suppose that there exists a non-zero φ ∈ H 1 (Γ F,Σ∪T , g 0 (1)) such that φ| Γ Fv = 0 for all v ∈ T . We can re-run Lemma 4.9 using ψ and φ (see the remark after the proof of Proposition 4.10), to produce a Čebotarev classT ⊆ T , and for any v ∈T , φ| Γ Fv ∈ L Ram,⊥ v , in particular φ| Γ Fv = 0, contradicting the choice of φ.
Corollary 8.2. There is a surjection β : H 1 (Γ F,Σ∪T , g 0 ) → v|p k f d onto infinitesimal weight space.
Proof. The way that H 1 (Γ F,Σ∪T , g 0 ) maps to infinitesimal weight space is via the composition:
θ is surjective by the proposition, and the isomorphism of the top line comes from choosing a splitting. The map ( * ) is surjective by assumption (REG*), since part of the long exact sequence associated to
, and by local duality,
Recall that we are assuming that the image of H 1 P (Γ F,Σ , g 0 ) under β is contained in a proper subspace U. Now choose primes y 1 , . . . , y k such that β(H 1 (Γ F,Σ∪{y 1 ,...,y k } , g 0 )) ⊂ U.
Lemma 8.3. We may assume k = 1, i.e. there exists a single prime y ∈T such that the image of H 1 (Γ F,Σ∪{y} , g 0 ) under β is not contained in U.
Proof. Recall that as a consequence of Lemma 4.9, if we add the appropriate local conditions at y i 's to our deformation problem, the dual Selmer group still vanishes. Since dual Selmer vanishes, we also have the weaker statement that
vanishes for Σ ′ = Σ, Σ ∪ {y i }, Σ ∪ {y 1 , . . . , y k }, etc. Using Wiles's formula, the local Euler characteristic formula, and local duality, we deduce
h 0 (Γ Fy , g 0 (1)).
Applying this to each Σ ′ = Σ ∪ {y i } and to Σ ′ = Σ ∪ {y 1 , . . . , y k }, dimension considerations imply that the inflation maps induce an isomorphism
So if φ ∈ H 1 (Γ F,Σ∪{y 1 ,...,y k } , g 0 ) such that β(φ) ∈ U, then there is some ith component of φ on the left hand side of this isomorphism whose image under β is not in U. Let y = y i . Then the image of H 1 (Γ F,Σ∪{y} , g 0 ) under β is not contained in U.
Fix y ∈T such that the image of H 1 (Γ F,Σ∪{y} , g 0 ) under β is not contained in U, and let Σ ′ = Σ ∪ {y}. By the computation above, h 1 (Γ F,Σ ′ , g 0 ) − h 1 (Γ F,Σ , g 0 ) = h 0 (Γ Fy , g 0 (1)) = 1, since ρ| Γ Fy is of Ramakrishna type (there is a unique root acting as the cyclotomic character). Let P y be the local deformation condition with tangent space L y = L unr y ∩ L Ram y , and let P ′ = P ∪ {P y }. Then by Lemma 4.9, ψ ∈ H 1 P ′ (Γ F,Σ ′ , g 0 ). Proposition 8.4. There exists a cocycle inψ ∈ H 1 P ′ (Γ F,Σ ′ , g 0 ) such that β(ψ) ∈ U.
Proof. Consider the following commutative diagram whose rows are exact sequences (all cohomology is applied to the module g 0 ):
1
By the numerology, dim k H 1 P ′ = dim k H 1 P = md, and the difference in dimensions between the right hand terms is 1. Notice that H 1 P injects into H 1 (Γ F,Σ ′ ) and H 1 P ⊂ ker Φ. But ker Φ is (md + 1)-dimensional, so fix ψ ′ ∈ ker Φ so that ψ ′ and H 1 P span ker Φ. Notice that cocycles which are not in ker Φ can have no effect on infinitesimal weights, and β(H 1 P ) ⊂ U. Since β(H 1 (Γ F,Σ ′ )) ⊂ U, we must have β(ψ ′ ) ∈ U. Then for dimension reasons, H 1 P ′ is contained in the span of H 1 P and ψ in H 1 (Γ F,Σ ′ ). Since ψ ∈ H 1 P ′ , we conclude that some elementψ ∈ H 1 P ′ has non-zero ψ ′ -component. Since all elements of H 1 P are assumed to have image in U, β(ψ) ∈ U.
We can now assemble what we've done into our main theorem.
Theorem 8.5. Let k denote a finite field of characteristic p, G/W (k) a split connected reductive group, F a Galois CM number field satisfying [F (µ p ) : F ] = p − 1 with maximal totally real subextension F + for which every prime v | p of F + splits in F , and Σ a finite set of primes of F containing the primes above p. Assume ρ : Γ F,Σ → G(k) is a continuous representation satisfying:
(1) There is a subfield k ′ ⊂ k such that (G der ) sc (k ′ ) ⊂ ρ(Γ F ) ⊂ Z G (k) · G(k ′ ).
(2) p − 1 is greater than the maximum of 8#Z (G der ) sc and (h − 1)#Z (G der ) sc if #Z (G der ) sc is even; or (2h − 2)#Z (G der ) sc if #Z (G der ) sc is odd.
(3) For all places v ∈ Σ not dividing p · ∞, ρ| Γ Fv satisfies a liftable local deformation condition P v with tangent space of dimension h 0 (Γ Fv , g 0 ).
(4) For all places v | p, ρ| Γ Fv is nearly ordinary and non-split, such that α • ρ| Γ Fv is not trivial or κ for each simple root α ∈ ∆.
Then letting r = [F :Q] 2 dim t 0 , there exists a representation ρ : Γ F → G(W (k) X 1 , . . . , X r )
lifting ρ and such that ρ is almost everywhere unramified, and nearly ordinary at all v | p. Further, the set of Q p -points of ρ which are geometric and have parallel Hodge-Tate weights has positive codimension in D r
Proof. Notice that since ρ is non-split, the only possible invariants of a twist of g/b live in negative simple root spaces. Then assuming α • ρ Γ Fv is not trivial or cyclotomic, ensures g/b and g/b(1) have no invariants, i.e. (REG) and (REG*) hold. Now use Proposition 4.10 to produce a universal deformation ρ. If the image of Equation (9) lands in the space of parallel infinitesimal weights, then use the results of this section to create a new deformation problem P ′ with universal deformation ρ ′ which still satisfies the conclusions of Proposition 4.10, but for which the image of Equation (9) does not land entirely in the space of parallel infinitesimal weights.
Thus we may assume that ρ has non-parallel infinitesimal weights. By Proposition 7.17, Proposition 7.15, and the fact that ρ is non-split at all w | p off a codimension ≥ 1 subvariety, the space of specializations of ρ which are geometric and have parallel Hodge-Tate weights has codimension ≥ 1 in the rigid topology.
Remark 8.6. To make the result more "automorphic," perhaps we should have worked with L-groups instead of just reductive groups. Working in this generality shouldn't produce any new complications. The deformation theory results that we have used have analogues in [Pat16, §9] which apply to L-groups, and the role of g in cohomology is filled by the Lie algebra of G ∨ := ( L G) • .
Remark 8.7. The "non-split" condition was added to ensure that we only had to avoid a proper subspace of infinitesimal weight space, and not #W G proper subspaces, which most likely span all of weight space. It is possible that we could remove the non-splitness condition using the techniques of [FKP19b] . I might revisit this at a later time.
An example
We can provide examples where the hypotheses of Theorem 1.2 are satisfied by using the potential solution of the inverse Galois problem with local conditions. The following is Proposition 3.2 in [Cal12] , and is due to Moret-Bailly [MB90] .
Proposition 9.1. Let G be a finite group, let K/Q be a finite extension, and S a finite set of places of K. Let E/K be an auxilary finite extension of number fields. For each finite place v ∈ S, let H v /K v be a finite Galois extension together with a fixed inclusion φ v : Gal(H v /K v ) → G with image D v . For each real infinite place v ∈ S, let c v ∈ G be an element of order dividing 2. There exists a number field F/K and a finite Galois extension of number fields L/F with the following properties:
(1) There is an isomorphism Gal(L/F ) = G.
(2) L/K is linearly disjoint from E/K.
(3) All places in S split completely in F .
(4) For all finite places w of F above v ∈ S, the local extension L w /F w is equal to H v /K v . Moreover there is a commutative diagram:
Corollary 9.2. For any split connected reductive group G/W (k) for which k is a finite field of charicteristic p ≫ 0, there exists a Galois CM field F , a set of primes Σ, and a Galois representation ρ : Γ F,Σ → G(k) satisfying the conditions of Theorem 1.2.
Proof. In the notation of Proposition 9.1, let G = G(k), and K = Q, S = {p, ∞}. We will choose to avoid a quadratic imaginary extension E/Q in which p splits. Let c ∞ ∈ G(k) be any order 2 element. To apply Proposition 9.1 it remains to specify an extension H p /Q p .
Fix a pinning of G and let r : SL 2 → G denote the principle SL 2 with respect to this pinning (see [Gro97] ). Let ̺ : Γ Qp → SL 2 (k) be a non-split extension of F p by F p (r) for r = 0, 1.
Such an extension exists, since
• h 0 (Γ Qp , F p (r)) = 0 for r = 0,
• h 2 (Γ Qp , F p (r)) = h 0 (Γ Qp , F p (1 − r)) = 0 for r = 1 (by local duality), and
• h 1 (Γ Qp , F p (r)) = h 0 (Γ Qp , F p (r)) + h 2 (Γ Qp , F p (r)) + 1 = 1 for r = 0, 1 (by the local Euler characteristic formula). Now let φ p : Γ Qp → G(k) be given by r • ̺, and let H p denote the fixed field of ker φ p , so that φ p induces an inclusion φ p : Gal(H p /Q p ) → G(k).
Then by Proposition 9.1, there exists
• a (totally real) number field F + such that all primes above p split,
• an extension L/F + such that L/Q is linearly disjoint from E/Q, and
• an isomorphism Gal(L/F + ) ∼ = G(k)
